An indecomposable Riemannian symmetric space which admits nontrivial twistor spinors has constant sectional curvature. Furthermore, each homogeneous Riemannian manifold with parallel spinors is at. In the present paper we solve the twistor equation on all indecomposable Lorentzian symmetric spaces explicitly. In particular, we show that there are -in contrast to the Riemannian case -indecomposable Lorentzian symmetric spaces with twistor spinors, which have non-constant sectional curvature and non-at and non-Ricci at homogeneous Lorentzian manifolds with parallel spinors. Subj. Class.: Spinors and Twistors 1991 MSC: 53C50, 53A50
Introduction
Let (M n ; g) be Boh99] . Killing spinors in the general pseudo-Riemannian setting were discussed by I. Kath in Kat99] . In the present paper we study the twistor equation on Lorentzian symmetric spaces. Using the explicit classi cation results we determine the twistor spinors on all indecomposable Lorentzian symmetric spaces explicitly. Let us remark that an indecomposable (=irreducible) Riemannian symmetric space which admits nontrivial twistor spinors has constant sectional curvature. We will see below, that the same ist true for irreducible Lorentzian symmetric spaces. But in the Lorentzian signature, there is a second type of indecomposable symmetric spaces, which are non-irreducible and have solvable transvection group. This type of Lorentzian symmetric spaces admits solutions of the twistor equation although it has non-constant sectional curvature. Furthermore, we will see that there are non-at and non-Ricci-at Lorentzian symmetric spaces with parallel spinors. In contrast to that, each homogeneous Riemannian manifold with parallel spinors has to be at.
Let T (M n ; g) denote the space of all twistor spinors of (M n ; g) and let n 3. It is known that dim T (M n ; g) 2 2 n 2 ] (see BFGK91]). If (M n ; g) is conformally at and simply connected, then one has dim T (M n ; g) = 2 2 n 2 ] . In the present paper we we prove, in particular:
1. If (M n ; g) is an indecomposable non-conformally at Lorentzian symmetric spin manifold of dimension n 3, then each twistor spinor is parallel and dim T (M n ; g) = q 2 n 2 ] , where q = 1 2 ; 1 4 or 0, depending on the fundamental group 1 (M) and on the spin structure of (M n ; g). 2. If (M n ; g) is an indecomposable conformally at Lorentzian symmetric spin manifold of dimension n 3 and non-constant sectional curvature, then dim T (M n ; g) = q 2 n 2 ] , where q = 2; 3 2 ; 1; 3 4 or 0 , depending on 1 (M) and on the spin structure.
3. If (M n ; g) is a Lorentzian symmetric spin manifold of dimension n 3 and constant sectional curvature, then dim T (M n ; g) = q 2 n 2 ] , where q = 2; 1; or 0, depending on 1 (M) and on the spin structure.
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2 Lorentzian symmetric spaces.
Let us rst recall the description of Lorentzian symmetric spaces. A connected semi-Riemannian manifold (M; g) is called indecomposable, if there is no proper, nondegenerate subspace of T x M invariant under the action of the holonomy group Hol x (g) . Each simply connected semiRiemannian symmetric space is isometric to a product M 0 M 1 : : : M r , where M i ; i = 1; : : : ; r , are indecomposable simply connected semi-Riemannian symmetric spaces of dimension 2 and M 0 is semi-Euclidean. Let (M n ; g) be a Lorentzian symmetric space. By G(M) we denote the group of transvections of (M n ; g) and by g its Lie algebra. One has the following structure result:
Let (M n ; g) be an indecomposable Lorentzian symmetric space of dimension n 2. Then the Lie algebra g of the transvection group of (M n ; g) is eigther semi-simple or solvable. Let = ( 1 ; : : : ; n?2 ) be an (n ? 2)-tupel of real numbers j 2 Rnf0g and let us denote by M n the Lorentzian space M n := (R n ; g ), where Let us denote by S n 1 (r) the pseudo-sphere S n 1 (r) := x 2 R n+1;1 j hx; xi n+1;1 = ?x 2 1 + x 2 2 + : : : + x 2 n+1 = r 2 R n+1;1 and by H n 1 (r) the pseudo-hyperbolic space H n 1 (r) := x 2 R n+1;2 j hx; xi n+1;2 = ?x 2 1 ? x 2 2 + x 2 3 + : : : + x 2 n+1 = ?r 2 R n+1;2 with the Lorentzian metrics induced by h ; i n+1;1 and h ; i n+1;2 , respectively. Theorem 4 ( CLP + 90], Wol84]) Let (M n ; g) be an indecomposable semi-simple Lorentzian symmetric space of dimension n 3.
Then (M n ; g) has constant sectional curvature k 6 = 0. Therefore, it is isometric to S n 1 (r)= f Ig or S n 1 (r) ; (k = 1 r 2 > 0), or to a Lorentzian covering of H n 1 (r)= f Ig ; (k = ? 1 r 2 < 0).
Spinor representation
For concrete calculations we will use the following realization of the spinor representation. Let Cli n;k be the Cli ord algebra of (R n ; ?h ; i k ) , where h ; i k is the scalar product hx; yi k := ?x 1 y 1 ? : : : ? x k y k + x k+1 y k+1 + : : : + x n y n . For the canonical basis (e 1 ; : : : ; e n ) of R n one has the following relations in Cli n;k : e i e j + e j e i = ?2" j ij ; where " j = ?1 j k 1 j > k . given by 2m+1;k (e k ) = ( 2m;k (e k ) ; 2m;k (e k )); k = 1; : : : ; 2m 2m+1;k (e n ) = n (i T
Let Spin(n; k) Cli n;k be the spin group. The spinor representation is given by n;k = n;k j Spin(n;k) : Spin(n; k) ?! GL(C 2 n 2 ] ):
We denote this representation by n;k . If n = 2m, 2m;k splits into the sum 2m;k = 4 General properties of twistor spinors.
In this section we recall some properties of twistor spinors which we will need in the following calculations. For proofs see BFGK91] Let (M n ; g) be an oriented semi-Riemannian spin manifold of dimension n 3. We denote by S the spinor bundle of (M n ; g), by r S : ?(S) ! ?(T M S) the spinor derivative given by the Levi-Civita connection of (M n ; g) and by D : ?(S) ! ?(S) the Dirac operator on S. Let Proposition 1 For a spinor eld ' 2 ?(S) the following conditions are equivalent:
1. ' is a twistor spinor. 2. ' satis es the so-called twistor equation
for all vector elds X.
3. There exists a spinor eld 2 ?(S) such that = g(X; X)X r S X '
for all vector elds X with jg(X; X)j = 1. The dimension of the space T (M n ; g) of all twistor spinors is conformally invariant and bounded by dim T (M n ; g) 2 2 n 2 ] :
If (M n ; g) is simply connected and conformally at, dim T (M n ; g) = 2 2 n 2 ] .
In particular, the twistor spinors on the semi-Euclidean space (R n;k ; h; i n;k ) are given by T (R n;k ) = ' 2 C 1 (R n;k ; n;k ) j '(x) = u + x v ; u; v 2 n;k :
Let R be the scalar curvature and Ric the Ricci curvature of (M n ; g).
K : TM ! TM denotes the (1; 1)-Schouten tensor of (M n ; g) 
W( ) ' = 0 ;
for all vector elds X and 2-forms .
Finally, we recall two possibilities to obtain new manifolds with twistor spinors from a given one.
Let (M n ;g) be a simply connected parallelizable semi-Riemannian manifold and let A I(M;g) denote a discrete subgroup of orientation preserving isometries of (M;g). We trivialize the spin structure of (M;g) with respect to a xed global orthonormal basis eld a = (a 1 ; : : : ; a n ). For Since M is simply connected, it has an uniquely determined spin structure. We trivialize this spin structure using the global orthonormal basis (a 0 ; a 0 ; a 1 ; : : : ; a n?2 ) and identify the spinor elds with the smooth functions C 1 (M ; n;1 ). The spinor derivative is de ned by r S X ' = X(') 
The vector space n;1 is isomorphic to n?2;0 C 2 . Let us denote by V the subspace V := n?2;0 C u(?1) n;1 :
Using the formulas (1), (2) and (3) one obtains that a spinor eld ' 2 C 1 (M ; n;1 ) satis es V ' = 0 if and only if the image of ' lies in V .
Proposition 5 The space P(M ) of parallel spinors of M is P(M ) = ' 2 C 1 (M ; n;1 ) j ' = constant 2 V :
In Then the formulas (13), (14) and (16) Therefore, ' is harmonic and the twistor equation implies that ' is parallel. 2
Now, let (M n ; g) be a non-conformally at, non-simply connected, indecomposable Lorentzian symmetric space of dimension n 3. Then, according to the Theorems 1,2 and 4, (M n ; g) is isometric to M n =A , where A is a discrete subgroup of the centralizer Z := Z I(M ) (G(M )).
1. case: There exist i 2 f1; : : : ; n ? 2g such that i > 0 or (i; j) such that i j 6 2 Q 2 . Then Z ' R = f j (s; t; x) = (s; t + ; x); 2 Rg. Let 2 A. With respect to the global basic (a 0 ; a 0 ; a 1 ; : : : ; a n?2 ) the di erential d y corresponds to the matrix ?(y) E 2 SO(n; 1). Hence, ? (y) = 1 2 Spin(n; 1). Therefore, we have 2 spin structures on M = M =A corresponding to the homomorphisms Hom(A; Z 2 ). 1) and (2) ).
The manifold M =A 0; ; 6 = 0 , has 2 spin structures and the twistor spinors are given as in case 1. M =A m;0 ; m 6 = 0 , has 2 spin structures, described by the homomorphisms " 2 Hom (A m;0 ; Spin(n; 1)) given by " ( 6 Twistor spinors on indecomposable conformally at Lorentzian symmetric spaces of non-constant sectional curvature.
According to the Theorems 1, 2 and 4 there are two isometry classes of indecomposable, conformally at, simply connected Lorentzian symmetric spaces of dimension n 3 and non-constant sectional curvature, namly M n := (R n ; g ); where (g ) (s;t;x) = 2ds dt jjxjj 2 ds 2 + n?2 P j=1 dx 2 j .
We know that dim T (M n ) = 2 2 n 2 ] . The twistor spinors are given by the following formula:
Let w 1 ; w 2 ; w 3 ; w 4 2 n?2;0 and let us denote by ' w1;w2;w3;w4 2 C 1 (M n ; n;1 ) the following smooth functions ' w1;w2;w3;w4 (s; t; Proposition 8 The twistor spinors on M n are T (M n ) = f' w1;w2;w3;w4 j w 1 ; w 2 ; w 3 ; w 4 2 n?2;0 g:
We use the identi cation n;1 ' n?2;0 2;1 ?! n?2;0 n?2;0 ' = ' 1 u(1) + ' 2 u(?1) 7 ?! (' 1 ; ' 2 ):
Then according to (1) and (2) the Cli ord multiplication corresponds to X ' = (?X ' 1 ; X ' 2 ) if X 2 span (a 1 ; : : : ; a n?2 ), a 0 ' = (?' 2 ; ?' 1 ) ; a 0 ' = (?' 2 ; ' 1 ) ; V ' = (0; 2' 1 ).
For the spinor derivative we obtain r S a 0 ' = (a 0 (' 1 ); a 0 (' 2 ) x ' 1 ) ; r S a0 ' = (a 0 (' 1 ); a 0 (' 2 ) x ' 1 ), r S a k ' = (a k (' 1 ); a k (' 2 ) ; k = 1; : : : ; n ? 2.
Let ' = (' 1 ; ' 2 ) be a twistor spinor on M n . Then, according to Proposition 1, there exists a spinor eld = ( 1 ; 2 ) on M n such that ' 0;w2;w3;w4 j w 2 2 n?2;0 w 3 ; w 4 2 n?2;0 9 = ; n = 2k 2(4) "(' 0; ) = 1 and "(' m;0 ) = e 1 : : : e n?2 :
Summing up, we have in particular:
Proposition 9 Let (M n ; g) be an indecomposable, conformally at Lorentzian spin manifold (M n ; g) of non-constant sectional curvature and dimension n 3. Then the dimension of the space of twistor spinors is dim T (M n ; g) = q 2 n 2 ] ; where q = 0; 3 4 ; 1; 3 2 or 2, depending on the fundamental group 1 (M) and on the spin structure.
7 Twistor spinors on Lorentzian symmetric spaces of constant sectional curvature The pseudo-sphere S n 1 (r) R n+1;1 and the pseudo-hyperbolic space H n be the universal Lorentzian covering of H n 1 (r). LetQ denote the reduction of the trivial spin structure Q of R n+1;2 to the subgroup Spin(n; 1) given by the Gaus map. Summing up, we have in particular
Proposition 11 Let (M n ; g) be a Lorentzian symmetric spin manifold constant sectional curvature k 6 = 0 and dimension n 3, then the dimension of the space of twistor spinor is dim T (M n ; g) = q 2 n 2 ] ; where q = 0; 1; or 2 depending on 1 (M) and on the spin structure.
